The neutrino oscillation probabilities, in the framework of three active and one light sterile neutrino, both in vacuum and matter are discussed. We study in detail the rephasing invariants and CP asymmetry observables and investigate the discovery potentials of longbaseline neutrino oscillation experiments such as DUNE, NOνA and T2HK. Our results show that there is quite a significant enhancement in oscillation probabilities of electron neutrino and electron antineutrino appearance channels due to the matter effect and that a sizable CP asymmetry also arises in these experiments. But it is hard to separate the sterile neutrino contribution from the standard three-neutrino case. Comparing the performances of these three experiments, all of them have a similar sensitivity, nevertheless, the DUNE has a bit greater potential to detect larger signal.
Introduction
Known for their invisible and illusive behaviors, originated from very weak interaction strength and being the lightest and electrically neutral fermion observed so far, neutrinos are one of the most appealing elementary particles in the present-day physics. Along with having made quite a number of progresses in understanding the properties of three types neutrinos, many things have ceased to become mystery anymore. But still there have been some puzzles and bottlenecks looming ahead and several questions have yet to be answered. In particular, there are several compelling anomalies that cannot be explained within the standard paradigm of three-neutrino mixing: 1) unexpected excess ofν e events inν µ →ν e transition observed by the LSND experiment [1] as well as an excess discovered in both ν e andν e channels in the MiniBooNE experiment [2] , which are so called short-baseline anomalies; 2) observed rate deficit ofν e in several reactor experiments compared to theoretical expectation [3] [4] [5] ; 3) a rate deficit in the disappearance channel of ν e in radiochemical experiments, such as GALLEX [6, 7] and SAGE [8, 9] , using gallium as a target in detector, which is referred to as the gallium anomaly. An interesting fact is that the explanations of these anomalies hint towards the existence of a fourth neutrino state, which is uncharged under the weak interaction and thus known as a sterile neutrino, having a few percent mixing with the electron neutrino and a mass of around 1eV. It is important to check if such a sterile neutrino exists from longbaseline neutrino oscillation experiments like DUNE [10] [11] [12] [13] , NOνA [14] and T2HK [15] since main features of these experiments include precision measurements of neutrino oscillation parameters and CP violation.
There have been great amount of efforts spent on understanding possible origins of generating the eV-scale mass and on various experimental searches for the light sterile neutrinos. Refs. [16] [17] [18] have provided mechanisms to generate eV-scale sterile neutrino mass. Experimental proposals are also advocating to search this light sterile neutrino by various means [19] [20] [21] [22] [23] [24] . The current status of the sterile neutrinos is reviewed in [25] [26] [27] . The continues works in this direction have put the light sterile neutrino at the focus of neutrino physics research.
While there were works related to the sterile neutrino in some specific oscillation channels or to a perturbative approach for the oscillation in long-baseline experiments [28, 29] , in our opinion, it might be even better to carry out a systematic theoretical analysis of four-flavor oscillations and CP violation that are necessary for any long-baseline experiments in the future in a more general and accurate way. In this paper we will analyze systematically long-baseline neutrino oscillations in detail, provide extensive discussion on the Jarlskog invariants and CPviolating observables in the case of three active plus one sterile neutrinos, and assess physical potentials of three long-baseline experiments -DUNE , NOνA and T2HK -to detect sterile neutrino oscillation signal and measure CP violation. Of course, one can apply our results for any oscillation channels including three active and one sterile neutrinos, regardless of the value of sterile neutrino mass and mixing, as such they are useful for any type of long-baseline neutrino oscillation experiments. We also try to put our work in the more general ground and to carry analysis in the parameterization independent way of mixing matrix.
The structure of this paper is organized in the following order. In section 2, we investigate the 3+1 neutrino oscillation, including matter effects to neutrino mass squares and to products of one mixing matrix element with a complex conjugate of any other element in the same column. Section 3 describes Jarlskog invariants and CP violation with four neutrinos and provides relations between their values in matter and vacuum. Then, in section 4, there is a phenomenological study about searching for the 1eV-scale light sterile neutrino and observing CP violation in the future long-baseline experiments such as DUNE, NOνA and T2HK. Section 5 is the conclusion of the paper. At the end, there are several appendices titled A, B, C and D that fill gaps in our derivations and give supplementary information.
Matter effects in 3+1 neutrino scheme
In the three-neutrino paradigm, the flavor mixing is well understood and described by the PMNS matrix, which is a 3 × 3 unitary rotation matrix to go from mass eigenstate basis to flavor basis. When it is extended to 3+1 scenario, by adding one sterile neutrino, corresponding mixing matrix has to be introduced. There are many possible ways to parameterize this 4 × 4 mixing matrix in terms of products of unitary rotations on two-dimensional planes, which are made up of the Euler angles and phases. One convenient way to write its form is the following
where the matrix U s encompasses the mixing between the sterile and active neutrinos, while the U 3 is an embedding of PMNS matrix into the upper left block:
in which 0 ≤ θ ij ≤ π/2 and 0 ≤ δ CP ij ≤ 2π. An mn element of these rotations on two dimensional planes, on the right-hand side of above expression, reads
3)
The mixing matrix above carries diagonal matrix of three phases, diag(1, e iα 21 /2 , e iα 31 /2 , e iα 41 /2 ), at the rightmost position if neutrinos are Majorana particles. At the present stage, active neutrino oscillation, a flavor change during the propagation from source to detector, is interpreted as a consequence of non-zero masses and mixing angles. Probability of flavor eigenstate ν α at a source converted into flavor eigenstate ν β after some distance L is given by
where E is neutrino beam energy and ∆m 2 ji ≡ m 2 j − m 2 i . Regarding the oscillation between antineutrinos, CPT invariance of the probability implies that P να→ν β (L, E) = Pν β →να (L, E). This, in turn, leads to the conclusion: when ν α and ν β in the oscillation probability above are replaced by corresponding antiparticles, the signs of all but last term remain the same. Here, and in what follows, the Greek alphabets α, β, γ, . . . indicate flavor eigenstates of electron, muon, tauon and sterile neutrino types, while the Latin letters i, j, k, . . . are assigned to mass basis, running from 1 to 4. This expression holds not only for any number of neutrino flavors, but also for the case of any kind of environment neutrinos go through, by replacing the mixing parameters accordingly. It is sometimes written in slightly different form by changing first two terms with a help of the identity
which we also use when discussing the neutrino oscillation probabilities in matter. While neutrino is propagating in a medium, a coherent scattering with other particles through charged current (CC) as well as neutral current (NC) weak interactions changes its motion. Thus, effective Hamiltonian is a sum of vacuum and matter contributions:
The vacuum Hamiltonian H 0 and components of matter potential V , generated by a uniform matter density, are
respectively. As one can see, the potential for sterile neutrino is vanishing since it does not participate in any interactions, apart from the gravity. The CC potential V CC depends only on electron number density, N e , due to the interaction with electrons in matter, while the NC potential V NC is a function of neutron number density, N n , only as there is a cancellation between the potentials of electron and proton in neutral matter. Clearly, this matter potential has contribution to the neutrino evolution equation. But one can see, to consider the Earth's matter effect especially when conducting long-baseline oscillation experiments, that its contribution is not so large. This is because G F = 5.37 × 10 −14 eVcm 3 /N A , in which N A is Avogadro constant, and the range of mean electron number density from the Earth's mantle to core is 2.2 − 5.4cm −3 N A [30] . Neutron number density is approximately equal to the number density of electron. As a result, the effective potential is as large as 10 −13 eV, it might have significant effect at higher energies as the vacuum Hamiltonian H 0 is inversely proportional to the neutrino beam energy E. We will see this clearly when we carry out a phenomenological study in section 4. Focusing on the neutrino oscillation in matter, the effective Hamiltonian can be simplified by subtracting the potential V NC . The reason is that subtracting a multiple of an identity matrix from the Hamiltonian is equivalent to a phase shift of transition amplitude from one neutrino flavor eigenstate to another, under which oscillation probability remains the same. So, without causing any problem, in the following discussions we will use an effective Hamiltonian
As was stated before, the Hamiltonian H 0 governs neutrino evolution in vacuum and the unitary matrix that diagonalizes it enters oscillation probability in eq. (2.4). Similarly, one can diagonalize the matter-induced effective Hamiltonian H eff by unitary rotationŨ normal ordering. If it is aimed to consider the case of inverted mass ordering, one can replacẽ m 2 1 bym 2 3 ,m 2 2 bym 2 1 andm 2 3 bym 2 2 , without spending any other effort. The energy dependence of these effective mass squares are depicted in Figure 1 . To show a dependence of effective mass squares on the neutrino beam energy, we simply assume that the lightest neutrino mass is zero, and used the best fit values for active neutrino mass squared differences ∆m 2 21 = 7.39 × 10 −5 eV 2 , ∆m 2 3l = 2.525 × 10 −3 eV 2 from [31] and m 4 = 1 eV, sin θ 14 0.1 from [26] . As shown in the left panel, the first effective mass squarem 2 1 is almost zero and does not change over the beam energy, whilem 2 2 increases up to 7 GeV then saturates with a value around 0.002 eV 2 ,m 2 3 andm 2 4 (in the right panel) increase monotonically. It is worth noticing that these plots can also be interpreted in a different way, although they are plotted as a function of E, since, in practice, the combinations EV CC and EV NC always enter in effective mass squares. Here we show the change inm 2 i by fixing the matter potentials, more precisely assuming constant matter density. On the other hand, one can also interpret the behavior of these effective mass squares due to fixing the beam energy and linearly increase of the matter density (or matter potential as a whole).
Having discussed about behavior of the matter-induced effective mass squares with energy and matter density, the last important ingredient of matter effect is the relation between the mixing matrix in vacuum and matter. One can find the relation by using both the unitarity condition ofŨ and taking up to the third power of the equation obtained by equating eqs. (2.8) and (2.9), which are
13) where we define Φ = 2E diag (V CC , 0, 0, −V NC ). Clearly, these are the set of linear equations of the variableŨ αiŨ * βi , which can be solved rather straightforwardly. As the right-hand side of the first equation becomes zero or one depending on whether or not the indices α and β being equal, solutions are written as the following
for α = β. 1 Here we defined mass squared differences ∆m 2 ij
Detailed discussion about these solutions is given in Appendix B. At first glance, these results seem rather bewildering, but their meaning become clear if their forms are compactly thought asŨ There are several comments in order for the results in eqs. (2.14) and (2.15). First of all, these relations are independent of the parameterization of mixing matrix, since they connect the matrix elements but not the mixing angles. Of course, according to relations between the sines (or cosines) of the mixing angles and modules of the mixing matrix entries, one can extract the relation between the mixing angles in matter and vacuum after a specific parameterization is chosen. For instance, making use of the parameterization in eq. (2.1), expressions for the sines of the mixing angles in matter are
and
Second, if some mixing matrix elements (or equivalently mixing angles) are zero in vacuum, they may be generated by the matter effect. This is easy to see from the compact form in eq. (2.16) as it contains contributions from two terms of a rotation and a shift. Last but not the least, when matter density (or neutrino energy) goes to zero these relations give vacuum results as they should. Specifically, when Φ = 0, which corresponds to vacuum, parts in the curly brackets in eqs. (2.14) and (2.15) return to vacuum solution, because This in turn derives the initial condition of C αβ ij in the compact expression (2.16). In one of the following sections we will use these results to do phenomenological study in the long-baseline neutrino oscillation experiments. Figure 2 illustrates behaviors of matter-effected mixing matrix entries' module squares as functions of neutrino beam energy. When making these plots we assume that mixing angles θ 24 and θ 34 are of the same sizes as θ 14 and two Dirac CP-violating phases δ 14 and δ 24 are zero, while taking the best fit values of other active neutrino parameters in [31] . We noticed that changing the values of CP-violating phases δ 14 and δ 24 modify those curves slightly but qualitative behaviors do not change much.
CP violation with four neutrinos
In regard to the sources of CP violation in four neutrino oscillation, both in vacuum and matter, one of the important consequences of introducing a light sterile neutrino is to generate several independent rephasing invariants, as a contrast to the only one such invariant with three neutrinos. As the CP transformation changes neutrino to its antineutrino and vice versa, and there is a relation between neutrino and antineutrino oscillation probabilities: Pν α→νβ (L, E) = P ν β →να (L, E) or, in other words, Pν α→νβ = P να→ν β (U ↔ U * ), an indicator of CP conservation in neutrino oscillation is to test if oscillation probabilities of neutrinos and antineutrinos are equal. Following this argument, a measure of CP violation is
Form of this equation remains the same for both discussions in vacuum and matter, up to replacing the corresponding mixing matrix and mass squared differences for the case under consideration. It is not hard to see that this quantity is antisymmetric with respect to the swapping of indices, which reduces the independent components to n(n − 1)/2. What is more, applying the unitarity condition of mixing matrix,
it is a very simple exercise to show that
This further imposes n − 1 independent equations (not n because one of them can always be obtained by using other n − 1 constraints), so total number of independent ∆P αβ is n(n − 1)/2 − (n − 1) = (n − 1)(n − 2)/2. Interestingly, this number coincides with number of Dirac CP violating phases with n − 1 flavors. With this result in mind, one immediately counts independent components for arbitrary number flavors. For instance, there are 3 such quantities with 4 neutrinos and only one for the case of 3 neutrinos. Observing the above expression of ∆P αβ , one may notice that imaginary part of a product of four mixing matrix entries can provide a rephasing invariant form, so CP violation can also be quantified this way in terms of the Jarlskog invariants [33, 34]
Definition above reveals that this quantity possesses following properties
Further more, the unitarity of mixing matrix leads to
through a similar argument to get eq. (3.3). To sum up, just relying on the eq. (3.5), there are [n(n − 1)/2] 2 independent rephasing invariants. Eq. (3.6) further eliminates n(n − 1) 2 /2 + (n − 1) 2 (n − 2)/2 of them, thus the total number of independent Jarlskog invariants in the case of n flavors is [(n − 1)(n − 2)/2] 2 . The same conclusion can be drawn from the fact that upper and lower indices are independent and each of them has (n − 1)(n − 2)/2 independent components. This is exactly a square of the number of independent ∆P αβ . A summary for the cases of some specific number of flavors is given in Table 1 .
Having discussed general case of n family, the following discussions particularly focus on the Jarlskog invariants of four families. As we have argued, only nine of them are independent thus we can choose To know CP violation in four neutrino oscillation, what has to be done is to show a dependence of these nine independent Jarlskog invariants in eq. (3.7) on the mixing angles and Dirac CP-violating phases. So far, our calculations are independent of the parameterization chosen for mixing matrix. In order to see explicit expressions, one has to choose bases and perform computations with definition in eq. (3.4) where s ij = sin θ ij , c ij = cos θ ij , s n(ij) = sin(nθ ij ) and c n(ij) = cos(nθ ij ). Because of its rather lengthy expression, the dependence of J µs 13 on mixing angles and CP-violating phases is given in Appendix C. It is easy to see that all of these rephasing invariants in eq. (3.8) vanish if all CP-violating angles become zero. This is not only a check for the correctness of derivation but also necessary to preserve CP symmetry. Another set of linearly independent Jarlskog invariants obtained from a different parameterization of mixing matrix is given in [35] . Now that we have found the relation in eq. (2.16), writing the Jarlskog invariants in matter in terms of that in vacuum is not difficult get their expressions from eq. (2.15), since the Jarlskog invariants are identically zero in case α = β by definition. Moreover, finding a sum rule between the Jalskog invariants in matter and in vacuum is also rather easy. We start with the eq. (2.8) and eq. (2.9), observing that off-diagonal entries are not effected by matter potential, that is In the expression above, we used the first mass eigenstate index, but one has freedom to use any other index if needed and resulting expression still remains correct. As far as the CP-violating observables are concerned, there are three such independent quantities which can be chosen as ∆P µe , ∆P µτ and ∆P eτ . Other observables are linear combinations of these three:
∆P τ s = ∆P eτ + ∆P µτ .
Having found the relations of Jarlskog invariants in matter to that in vacuum, we can easily obtain the relation between the matter-affected CP asymmetry ∆P αβ and its counterpart in vacuum from the expression below
Experimental signature of these quantities will be discussed in the next section, focusing, in particular, on proposed long-baseline neutrino oscillation experiments.
Discovery Potentials of long-baseline experiments
Heretofore we have discussed effects of sterile neutrino, purely on the theoretical ground, to three active neutrino scheme, including oscillation both in vacuum and matter as well as the paradigm change in CP violation with this additional neutrino flavor. To show its phenomenological consequence, in this section we will try to embody possible hints in longbaseline neutrino oscillation experiments such as DUNE, NOνA and T2HK. Deep Underground Neutrino Experiment (DUNE) [10] [11] [12] [13] is a world-leading long-baseline neutrino experiment planned to operate near future with 40 kiloton liquid argon detector at the Sanford underground research facility, located 1300 km downstream of the source at the Fermi national laboratory. This is a multipurpose experiment to unveil some neutrino-related mysteries in particle physics, such as determination of the mass ordering, measurement of the CP-violating phase in lepton sector, pin down the octant of θ 23 , search for a new physics beyond three-neutrino paradigm, precision measurement of neutrino parameters and many others. As stated previously, one of the primary goal of DUNE experiment is to search for a new physics focusing on the precision measurement of the parameters in muon neutrino and muon antineutrino oscillation channels.
The NOνA (NuMI Off-axis ν e Appearance) experiment [14] is another long-baseline experiment that aims to measure oscillations of ν µ → ν e at one of its 14 kiloton detector (made up of liquid scintillators contained in PVC) located in the 810 km away from neutrino source at Fermilab. The main goal of NOνA includes the precision measurement of atmospheric mixing angle, mass squared differences and also put constraints on CP-violating phase.
T2HK (Tokai-to-Hyper-Kamiokande) [15] is an extension of T2K experiment, which uses water Cherenkov detector of 1 megaton volume that to be placed about 295 km away from the source of neutrino beam at J-PARC (Japan Proton Accelerator Research Complex). The main purpose of T2HK is to study CP asymmetry in the lepton sector using accelerator neutrino and anti-neutrino beams. Both muon neutrino and antineutrino oscillation probabilities, assuming that the 1eV mass sterile neutrino has a percent level mixing with all active neutrinos, are shown in Figure 3 . Dependencies of the oscillation probabilities on two Dirac CP-violating phases and other oscillation channels of
ν τ are given in Appendix D, by using the baseline of DUNE.
According to the Figure 3 , it is clear to see that in the appearance channels of (−) ν e there are rather significant separations of the probabilities for both cases of three and four neutrino oscillations thanks to the matter effect. Important energy ranges to see these separations are 1 -4.5 GeV in DUNE, 1 -2 GeV in NOνA and 0.5 -1 GeV in T2HK. All of these energy ranges are under the coverage of typical neutrino beam energy from the accelerator. Although the oscillation probabilities between matter and vacuum are well separated, there are very small deviations between oscillation curves with and without the sterile neutrino in DUNE and NOνA experiments, and almost no such a deviation occurs in T2HK. Therefore, it might be challenging for DUNE to reach such a precise accuracy to distinguish 3+1 neutrino oscillation from the three active neutrino case, and T2HK might not be able to distinguish the sterile neutrino signal. Another aspect we learn from this figure is that the separation gets bigger as the baseline increases, and that vacuum oscillations are overlapped due to the rapid oscillating curve of four-neutrino probability. So, an experiment with much longer baseline could probably separate four-neutrino oscillation from three active neutrino case with the help of matter effect and the eV-scale sterile neutrino could easily be detected by looking at the appearance mode of (−) ν e . The disappearance channel of (−) ν µ , however, cannot distinguish a sterile neutrino signal from the background of active neutrinos oscillation even taking in to account of the matter effect.
Comparing these three experiments, the DUNE has a greater potential to detect larger oscillation probability enjoyed by the larger matter effect due to its longer baseline. The first pick value of oscillation probabilities, at which point there is a slight distinction of oscillation in matter than that in vacuum, moves from 2 GeV in the DUNE to 1.5 GeV in NOνA and to 0.6 GeV in T2HK. And, at the same time, not only do these pick values decrease but also the oscillation frequencies in matter for a given energy become smaller with decrease of baselines, which is compatible with our theoretical discussions in previous sections.
As for measuring the CP violation in neutrino oscillation, Figure 4 illustrates both neutrino energy and CP-violating phase dependence of ∆P µe and ∆P µe in long-baseline experiments that are under consideration. 4 A sizable amount of CP violation arises when neutrino energy less than 3 GeV. High-energy tails of all CP violation curves are damping to zero, thus, there is no hope to see CP violation from high energy neutrino beam. Looking at the effects of two Dirac CP-violating phases δ 14 and δ 24 , given their several specific values in the figure, there is little effect in vacuum channel and no considerable change with matter. When it comes to the comparison of these three experiments, the DUNE can find comparatively larger CP asymmetry than T2HK experiment as it is depicted that the longer the baseline, the larger ∆P µe can be detected. Similar to the case of oscillation probabilities, separation between the ∆P µe curves with and without the sterile neutrino is not significant. Although all of these experiments are able to measure sizable CP violation, for a goal of detecting the light sterile neutrino signal in CP violation measurements, these long-baseline experiments might not do the trick.
Summary and outlook
The work in this paper is an investigation on the discovery potential of long-baseline experiments in searching for a light sterile neutrino and measuring the leptonic CP violation. To this end, we have studied matter effects to neutrino oscillation, which are non-negligible for extracting neutrino masses and mixings. We have also carried out a thorough analysis on CP violation by detailed derivation of independent Jarlskog invariants, CP asymmetries, and their connection in matter to vacuum. Based on our results, we have performed phenomenological study for detecting such a light sterile neutrino in DUNE, NOνA and T2HK experiments and showing their potentials to measure CP violation.
As expected, the matter effects play a non-trivial role in searching for the sterile neutrino, by amplifying quite significantly the oscillation probabilities and separating four neutrino signal from the three active neutrino background if the propagation distance is long enough. The DUNE, among those three long-baseline experiments, might be able to detect the sterile neutrino signal in the electron (anti)neutrino appearance channel at the energy range from 1 GeV to 4.5 GeV, whereas there is almost no such a hope in the muon (anti)neutrino disappearance channel. CP violation can also be measured in these experiments for a neutrino beam energy below 2-3 GeV. But it is hard to find a distinction in the CP asymmetry with and without the sterile neutrino, because of the rapid oscillation in the four-neutrino case, although there is a little change caused by the sterile state. This means that it is possible to measure a larger CP violation but not easy to extract sterile neutrino contribution. Comparing the sensitivities of these experiments, the DUNE has a greater potential to distinguish sterile neutrino signal or rule out the parameter space of interest.
Finally, the results in this paper show that long-baseline experiments are quite sensitive to a light sterile neutrino and to the measurement of CP violation. Therefore, these experiments could play a rather important complementary role together with short-baseline experiments as well as direct neutrino mass detection experiments, such as KATRIN and Project-8, to find this particle.
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A Matter-induced effective mass squares
This section is to calculate effective mass squares from the equation
where c 3 , c 2 , c 1 , c 0 are the trace, sum of the determinants of 2 × 2 main diagonal blocks, sum of the determinants of 3 × 3 main diagonal blocks and the determinant of 2EH eff . Results from our calculation are the following:
As one can see, all of those coefficients are non-negative real numbers. To make life simple, let us write eq. (A.1) with x ≡m 2 i and then perform change of variable x = y + c 3
, this provides
To avoid carrying cumbersome coefficients, one can introduce the following variables
Using these new variables and adding p 2 /4 + 2z(y 2 + p/2) + z 2 on the both sides, above equation can be transformed into the following form:
Since this equality holds for the any value of z, one can choose its value to make the righthand site full square. This can be done when discriminant of quadratic equation of y is zero, because in this case the quadratic equation has two identical roots or, equivalently, the left-hand side becomes a complete square if and only if its discriminant vanishes, i.e.
This, in turn, requires that z satisfies cubic equation
As a result, solution of the quartic equation boils down to the solution of one quadratic equation,
and one cubic equation in (A.7). Solutions of the quadratic equation of y in (A.8) are easily obtained from
These two equations yield following four possible solutions of quartic equation
But this is not the end of story, to have complete solution, cubic equation of z in (A.7) must be solved. This will be done in the following steps. Since the solutions of interest are real ones, although there are may other ways to solve this equation, the trigonometric solution of cubic equation provides expected result. By doing a change of variable z = t − 1 3 p, it is easy to get read of the quadratic term in (A.7), i.e. This part is dedicated to find relations between combinations of mixing matrix elements in matter and vacuum. The main purpose is to solve following linear equations system and inverse 
Finding solutions of linear equations system (B.2) boils down to computation of the following matrix product
After a bit of computational work, one reaches to the solution
On the other hand, when α = β, discussion is same as above except for replacing V by V and B by B , which are where ∆m 2 ij ≡m 2 i −m 2 j , ∆m 2 ij ≡ m 2 i − m 2 j and δm 2 ij ≡m 2 i − m 2 j . At this point, we obtained not only the matter-effected mixing matrix element's module squares but also the paired product of one element with complex conjugate of the other, which are essential to investigate matter effects in many neutrino physics processes including four neutrino oscillation as well as CP violation.
C Expression of the J µs 13
This section shows the expression of J µs 13 as a function of mixing angles and Dirac CP-violating phases. This is the last piece of nine independent Jarlskog invariants analyzed in main body of the paper. ν τ oscillation and CP violation, respectively, in the purpose of showing that our theoretical analysis works well for all kinds of four-neutrino oscillations, but they do not serve as a guidance for any one of the long-baseline experiment we considered in this paper. ν τ channels in an oscillation experiment having the same baseline as DUNE.
